Abstract: There has recently been ag rowing use of surface bound nanorods within electrochemical and optical sensing applications. Predictionso ft he microfluidic rate of analyte transport to such nanorods (either individual or to an array) remain important for sensor design and data analysis;h owever,s uch predictions are difficult, as nanorod aspect ratios can vary by severalo rders of magnitude. In this study, throught he use of numerical simulation, we propose an explicit analytical approach to predict the steady-stated iffusion-limited rate of mass transport to (individual) surface bound nanorods of variable aspectr atio. We show that, when compared to simulation,t his approachp rovides accurate estimations across aw ide range of PØclet numbers.
Introduction
Over the past decade, advancements in nanofabrication techniques have spawned ag rowing use of surface-bound nanoparticles for sensing purposes. Of these nanoparticles, gold nanorods have received as ignificant amount of attention for both optical [1] and electrochemical [2] applications,p rimarily due to their high surface-area-to-volume ratio, biocompatibility, and efficient mass transport characteristics. Although there have been an umber of sensors based on the use of as ingle nanorod, [3] the majority of previous studies have used arrays of nanorods. [4] We recently demonstrated that analyte transport to an array of NPs is dependento nt he size and shapeo ft he individual NPs composing the array. [5] This dependency becomes especially relevant for nanorod-based sensors, as the aspect ratio of individual nanorods (and thus rates of analyte interaction) can have orders of magnitude variations across different applications. Accurate prediction of rates of transport can greatlya id in both sensor design and optimization, as well as the analysis of experimental data. [6] Although modernn umerical simulations can provide accurate predictions, they do so on ac aseby-caseb asis. In contrast,t he availability of an analytical solution for such predictionsholds more power. Solutions fors teady-stated iffusion-limited rates of transport have been found for av ariety of surfaces pertinentt om icroand nanoparticle-baseds ensors. Analytical solutions derived from fundamentals often involvep ure diffusive transport in infinite domains (void of convection)t os imple shapes having convenient symmetry, including embedded disks and strips, hemispheres, [7] hemispheroids, [8] embedded rings, [9] ellipsoids, [10] sphere caps, [11] and hemitoroids. [12] Predictiono ft ransport to more complicated shapes requiresthe use of numerical methods, where several approaches (e.g.,f inite difference, volume, element) have been used to simulatet ransport to (among others) embedded squares and bands, [13] cylinders, [14] cones, [15] and heptodes. [16] Resultsf rom simulation are often used to constructa nalyticala pproximationsf or rates of transport.
In this study,t hrough the aid of numerical simulation, we propose as imple analytical approximation to predict the rate of transport to as ingle nanorod in am icrofluidic flow cell havingv ariable aspectr atio in both the vertical and horizontal direction. We consider severaln anorod forms, as well as their derivatives, including nanocylindersa nd embedded nanobands, nanodisks, and nanosquares( Figure 1 ). We show that our approximation provides accurate predictiono ft ransport to these shapes over aw ide range of convective/diffusive conditions. Resultsf rom this studyc an be readily combinedw ith the theory previously reported by Lynn and Homola [5] to predict steady-state rates of transport to arrays nanorods.
Motivation
Figure 1s hows as chematic of the problem and domain examined herein. We consider the transport of an analyte having inlet concentration c o and diffusivity D within af luidic channel [a] having width W and height H. Flow through the channel has an average fluid velocity U and is considered to be laminar, with aR eynolds number Re = UH/n,w here n is the kinematic viscosity of the fluid. An anorod is situated on the floor of the microchannel, whose height and length can be characterized by two aspect ratios a and g,r espectively.W ec onsider two similar shapes,one whose ends are rounded with acharacteristic radius a (nanorod) and one with square ends (square nanorod). As seen in Figure1,b oth shapes have derivatives that are commonlyf ound within photonica nd electrochemical applications, specifically,n anocylinders, nanobands, nanodisks,a nd nanosquares. The surfaces of the NP in contact with the fluid (characterized by as urface area A)a re considered to be catalyticallyactive, whereas all other channel surfaces are inert.
We consider the diffusion-limited transport of analyte to a nanorod surface, such that upon contact the analyte is instantaneously removed from the flow.U nder such conditions the rate of analyte transportc an be described by _ N:t he average rate of analyte interaction with the NP surface (molecules per time). For electrochemical applicationst his interaction would produce ac urrent i such that i ¼ nF _ N,w here F is the Faraday constanta nd n is the number of electrons exchanged. For nanorods capturing analyte via an affinity interaction (via an immobilized receptor), _ N describes the rate of analyte capture at the beginningo ft he assay.
The steady-state diffusion-limited rate of analyte interaction to an anorod (or likewise, to any closed selectively actives urface lying on an effective infinite planars upport) can be described by Equation (1):
where l o is ac haracteristicl ength dependent on the geometry of the electrode.R elevant to this study,a nalytical solutions [7] for transport to an anodisk lead to l o = 4a,w hereas numerical simulations for transportt oananosquare [13] have led to l o = 4.606a. These two values are valid for both diffusive transport in an infinite medium as well as mixed transport within am icrochannel having asufficiently small levels of fluid convection. The conditions for the latter can be described as Pe np ! 1, where Pe np is the nanoparticle PØclet number,w hich can be calculated using Equation (2):
where Pe = UH/D is the channel PØclet number.
In this study,t hrough the aid of computational simulation, we propose af unction f = f (a, g), such that the characteristic length for all of the NP shapes shown in Figure 1c an be described as l o = a·f. Knowledge of this parameter is important for severalr easons, as it can be used to predict _ N [via Eq. (1)] for situations of diffusion dominated transport (i.e.,P e np ! 1) and as we shalls how later,f or situations where convection plays a role.
Methods
We used the finite element package COMSOL to solve the NavierStokes (momentum) and convection-diffusion equations to obtain solutions for the velocity,pressure, and analyte concentration fields within am icrofluidic domain. These solutions were used to calculate the rate of analyte transport to nanorods of varying shape and under varying conditions. Unless otherwise noted, the results herein concern transport to NPs having dimension of a = 25 nm within am icrochannel of dimension H = 100 mm; nevertheless, similar results can be obtained using different dimensional values that are properly scaled to one another.T he computational domain spanned the entire height of the channel (y-direction), and extended ad istance of 150·l o in both the upstream and downstream directions, as well as the same distance in the positive x-direction (taking advantage of symmetry). This domain was found to be large enough such that further increases in the domain size did not change any solution outcome (Figure 2 ).
For the momentum equations, we imposed af ully developed velocity profile at the domain inlet, a( pressure) outflow condition on the domain outlet, symmetric boundary conditions on both sidewall planes, and an o-slip condition on the top and bottom channel surfaces. For the convection-diffusion equations we imposed a constant analyte concentration (c o )a tt he domain inlet and an oflux condition along all other surfaces, where the concentration of analyte along the active NP surface was set to zero (in accordance with adiffusion-limited transport condition).
The mesh for each simulation was composed of tetrahedral elements, discretized linearly and quadratically for the momentum and convection-diffusion equations, respectively.T he characteristic mesh size was variable within the domain, where the maximum size along nanorod edges was a/500 (the upper edge for nanorods with a > 0), the maximum size in the volume immediate to (and along the surface of) each nanorod was a/10, and the maximum size in the far field regions was H/20. Mesh growth rates along and near each nanorod were set to 1.4, whereas in other regions growth rates were set to 1.1. Figure 2s hows at ypical mesh along the surface of an anorod, along with results from am esh density test for both nanodisks and nanosquares (a, g = 0). Additional mesh density tests for other selected nanorod shapes yielded similar convergence properties (data not shown). Reductions in either the mesh size or growth rate below these values was found to have only am inimal effect on the simulation outcomes. Average simulations consisted of % 5 10 6 elements, dependent on the specific NP.S teady-state solutions were obtained using am ultigrid method, using the successive over relaxation method for the preand post-smoother and the PARADISO method for the course solver.A fter convergence of each solution, steady values of the analyte interaction rate were calculated as _ N ¼ Rn Á ðDrcÞdA,w herê n is the normal vector for each nanorod reactive surface in contact with the fluid.
Results
For mesh verification we simulated analyte transport to both nanodisks and nanosquares. Figure 2b shows the results of these simulations, where dataa re plotted in ad imensionless form as _ N c o Da. 1 At am esh density of a/500 (alongt he edge of each NP) our simulation resultsw ere within 0.05 %o fs tandard solutions for nanodisks (4.0) and nanosquares (4.606).
These two values thus form the base solution for transport to the derived shapes shown in Figure 1a sin Equation (3): 
We simulatedt ransport to both nanocylinders and square posts (i.e.,n anosquaresw ith a > 0) having variable vertical aspect ratio (0 < a < 25) at low PØclet number.F igure 3s hows the results of these simulations. From the steady-state contour profiles, it can be seen that the overall size of the boundary layer increases with increases in a. This growth occurs in a complex fashion, where at high aspectr atios the shape of each boundary layer takes on ac ylindrical form. The shapeo f these boundary layers lead to an edge effect phenomenon, leadingt oe nhanced rates of transport near nanocylinder tops or similarly,n anorod caps (discussed later).
Despite the complexity in the shape of the boundary layer, the rate of analyte interaction followsafairly simple trend. This is shown in Figure 3b ,w hich plots data taken from finite element (FE) simulations regarding nanocylindersa nd square posts. We also plot numerical data previously given by Britz et al.
[14b] It can be seen that all of the data has av ery good match to thef unction f 1 = f 0 + 6a 3/4 .I ts hould be noted that this functionw as chosen for its simplicity and accuracy and [7] and an anosquare, [13] respectively. The arrow indicates the mesh density used within this study. [14b] The insetp lots the percent difference between the numerical data and the function f 1 = f 0 + 6 a 3/4 .The dashed blue line indicates predictionsb ased on an equivalent surfacea rea approach. was not derived from first principles. The difference between values calculated via f 1 and data taken from FE simulations is less than 6% for the range of 0 < a < 25. Figure3 also shows the predictions via an equivalenta rea approach, where transport to a3 Dc ylinder is estimated by the transport to ad isk of equivalent surface area. It can be seen that as a increases, there is al arge deviation between the numerical data and those predicted via such an approach.
We next simulated transport to nanobands having variable horizontala spectr atio (0 < g < 400). Figure 4s hows the results of these simulations. Data from FE simulations were observed to scale as / g 17/20 at high aspect ratio. This trend was also observed for larger domains (100 larger a/H ratio),i ndicating the size of the domain had no influence on this scalingr elationship. This relationship was also observed to hold for nanobands having g < 10 4 via simulations with lower density meshes (size of a/20 along the reactive edge, datan ot shown). The data from FE simulations were within 2% of the function f 0 + 2.157g 17/20 (inset). Our results agree with those of Cutress and Compton [13] at low g;h owever,a tl arger aspectr atios (g > 10 2 )w eo bserved ad eviation from their proposed solution (which scales as / g). Figure 4a lso shows predictionsv ia an equivalent area approach. As with the data in Figure 3 , there is al arge deviation from numerical data as g increases.
Applyingasimilara pproach to more complex shapes,w es imulateda nalyte transport to nanorods and square nanorods having variable aspectr atios in the range of 0 < a < 8a nd 0 < g < 100 at low PØclet number (Pe np = 10
À5
); this range of nanorod sizes reflect those often used in experiment.F igure 5 shows the results of these simulations. As expected, there is an increasei nt he rate of analyte interaction with increases in both a and g. Similar to the data in Figure 4 , all of the data shown in Figure 5asymptotically approachthe scalingrelationship _ N / g 17=20 in the range such that an anorod length is much larger than its height (g @ a). Using this data, we searched for af unction f 2 in the form of f 2 = f 1 + Wg 17/20 ,w here W = W(a). The best fit for W resulted in f 2 = f 1 + (2.157 + 0.525a 3/5 )g 17/20 .F rom data shown in the inset, it can be seen that all of the data from FE simulations are within 11 %o f those calculatedv ia f 2 .F rom this data, it follows that af airly simplef orm of the characteristic length for catalytic nanorods can be expressed as Equation (4):
which is written in the form of l o =a ¼ f 0 þ f 2 ,w here f 0 is taken from Equation (3).
To test the merit of Equation (4) over awider range of conditions, we simulated the analyte transport to nanocylinders (0 < a < 16) and nanorods (a = 2, 2 < g < 64) of variable aspect ratio under conditions pertaining to the range 10 À3 < Pe np < 10
3
.F or ag iven nanoparticle shape, this range of Pe np is often encountered experimentallyv ia changes in U, H,o rD (among other parameters). Figure 6p lots the data from these simulations, in the dimensionless form of 4 _ N c o Dl o ,a safunction of Pe np .W e comparet he FE simulation data with analytical solutions for transport to an anodisk ( Figure 6 , red line). Specifically,w ep lot the solution given by both Phillips [17] as well as am odified [5] solution of that given by Stone [18] for low and high PØclet number flow,r espectively.T hese solutions are rewritten here as Equation (5) 
For transport to an anodisk, these solutionsc an be calculated as Nu d ¼ _ N c o Da. It can be seen that plottedi nt his manner,a ll of the data taken from FE simulations have ac lose match to the analytical solutionsf or transport to an anodisk. For nanocyliders under conditions such that Pe np < 1, numerical data were within 5% of those calculated via Equation (5) . For nanorods the differen- 17/20 (solid red line). The dashedl ine plots the solution proposed by Cutress and Compton, [13] modified here to the form _ N c o Da ¼ 2ð1 þ gÞð1:004 þ 1:3expðÀ2:53 log 10 ð1 þ gÞÞÞ.T he dashedb lue line indicates predictions based on an equivalentsurface area approach. ces between numerical and analyticals olutions were slightly larger:i nt he range of Pe np < 1a ll differences were within 10 %, whereas at forP e np > 1t hose differences were within 20 %. Further simulations regarding nanorodsw ith different vertical aspect ratios (a = 1,4) followed similar trends (data not shown).
Discussion
Application to experiment. The results in this study pertain to steady-state rates of analyte transport. It is important to know when these steady rates will be applicable to an experimental system. For low PØcletn umber applications, the transientr ate of transport can be estimated as
3 DtÞ 1=2 Þ. [9] Thus the characteristic time for transport to reach steady state (t c )c an be calculated as t c % l 2 o 4p 3 D.F or transport to nanoparticlest hese times can be very short, for example, an anorod having a = 25 nm with g = 100 and a = 1willreach steady state at t c % 0.01 s.
Low Pe np transport to nanocylinders and nanobands. According to theory,t he rate of analyte interaction for transport to nanocylinders (Figure 3) .W ithin the range of aspect ratios shown in Figure 3 , which represents the capability of modern fabrication techniques, their solution provides similar accuracyw ith respect to the one proposed herein.
As imilart heoretical argument can be made for the nanobands, which should scale as _ N / g fors ituations when g!1. Such scalingw as found by Cutress andC ompton. [13] We did not observe this scaling relationship under the range of parameters studied herein;a ll of our computational simulations yielded results similart ot hat shown in Figure 4 ( which included variation in domain size, variation in mesh, and variation in solution method), where at largea spectr atio in the range of g < 400 (up to g < 10 3 for low quality meshes), the rate of analyte interaction scales as _ N / g 17=20 .W ew ere unable to perform simulations (even with low density meshes) above an aspect ratio of g > 10 4
,a ss uch structures become computationally difficult to simulate.
One source of discrepancy between our resultsa nd those of Cutress and Compton, shown in Figure 4 , can likely be attributed to the methodology they used for predicting steady-state responses. Specifically,t hey simulated the transient transport to variable aspectr atio nanobands,w here simulation times were restricted to values corresponding to ad imensionless time of t < 30, where t was defined (modified for the parameters used here) as t = Dt/4a 2 .P redictions for the steady-state response were then obtained from fits to transient data;h owever,f or these simulation times, transport to high aspect ratio nanobands were not observed to reachafull steady-state. To quantify this effect, we note that the dimensionalc haracteristic time for transport to reach steady state (t c % l 2 o 4p 3 D,d efined above)l eads to ad imensionless characteristic time of t c ¼ 1=4p 3 Á ðl o =aÞ 2 .F or the high aspectr atio nanobands in their study (g % 1000), this leads to av alue of t c % 1200, much higher than the simulation times used in their study.
Prediction of analyte transport to single nanorods. The agreement between FE simulation data and the solutionsf or transport to an anodisk ( Figure 6) indicates that both the choiceo f l o [Eq. (4)] and the calculation of Pe np [Eq. (2)]are appropriate. This agreement thus serves as as imple route for prediction, where the steady-state rate of analyte interaction for as ingle nanorod can be calculated as in Equation (6):
where Pe np , l o ,a nd Nu d can be calculated via Equation (2), (4), and (5), respectively.A ss een in Figure6,t his methods hould enable predictionst os ingle nanorods of varying shapes over a wide range of PØclet numbersw ith an accuracy of < 10 %f or most experimental systems (Pe np < 1). The alignmento ft he nanorod with respect to the flow direction will have little to Figure 6 . Transporttonanocylinders (a) and nanorods (b) having variable aspect ratio underv ariable PØclet number.For all data, _ N was taken from FE simulations and l o was calculated via Equation(4). Simulations were carried out via variation of U (constant H, D). The inset showsthe percent difference between data taken from FE simulations and that calculated by Equation(5) (plottedasas olid red line); the shaded region representsadifference of AE 5%. no effect on _ N for conditions such that Pe np < 1; we did not examine other nanorod alignments.
Prediction of analytet ransport to arrays of nanorods. For applications involving arrays of nanorods, Equation (6) can be used with the resultso fo ur previous study. [5] Nevertheless, the results shown herein are directlyu seful for experiments based on nanorod arrays:t he rate of transport to as ingle nanorod, measured in terms of analyte flux (rate of transport divided by active surface area) will define the upper limit fort he flux to a surfacecomposed of an array of such nanorods.
Prediction of spatially dependent transport to as ingle nanorod. In addition to predicting the rate of analyte interaction for the entire nanorod, the results given here can also be used to estimate the rate of collection by portionso ft he nanorod of interest. This is especially relevantf or photonic applications, where electromagnetic fields are enhanced near the nanorod caps. The ratio betweent he rate of interaction by the caps of an anorod ( _ N cap ,e xtending ad istance a from each end) and that of the entire nanorod can be estimated as the ratio between the transport to ac ylinder lying by itself( described by f 1 )a nd that to the entire nanorod (described by f 2 ). The rate of interaction to the nanorod caps will monotonically decrease with increases in g (influenced by the boundary layer along the sides of the nanorod), thus the ratio f 1 /f 2 will providea n upper bound for _ N cap _ N.F igure 7d emonstrates this effect pertaining to as quare nanorod with variable g. Following the same line of reasoning, the ratio f 0 /f 1 will provide an upper bound to the ratio between the rate of interaction by the upper faceo fananocylinder and the entire nanocylinder.
Conclusions
In this study,w eu sed numerical simulation to calculate the steady-state diffusion-limited rate of analyte transport nanorods lying on the surfaceo fafluidic channel. We considered a number of nanorod shapes as well their derivatives (Figure 1) , all of which have importance within electrochemical and photonic applications.B ased on the results of these simulations, we have proposed as imple analytical approximation to predict the rate of analyte transport to nanorods of variable aspect ratio, both in the horizontal and vertical direction. Our proposed solution,g iven by Equation (6) , predicts rates of analyte interaction within 10 %o fr esults from numerical simulation at flows having low PØclet number ( Figure 5) ;t hese predictions also maintain accuracy for flows of intermediate and high PØclet number ( Figure 6 ). These resultsc an also be applied to estimate the rate of analyte transport to the nanorod caps ( Figure 7) . The resultso ft his study are useful for applications based on the use of as inglen anorod as well as applications based on arrays of nanorods.
